CHAPTER 13

Random Vibrations

The types of functions we have considered up to now can be classified as deterministic,
1.e., mathematical cxpressions can be written that will determine their instantaneous
values at any time ¢. There are, however, a number of physical phenomena that result in
nondeterministic data [or which future instantanecus values cannot be predicted i a
-deterministic sense. As examples, we can mention the noise of a jet engine, the heights
of waves in a choppy sea, ground motion during an earthquake, and pressure gusts
encountered by an airplane in flight. These phenomena all have one thing in common:
the unpredictability of their instantaneous value at any future time. Nondetermlmbtlc
data of this type are referred to as random time functions.

3.1 RANDOM PHENOMENA

A sample of a typical random time function is shown in Iig. 13.1.1. In spite of the irreg-

. ular character of the function, , many random phenomena exhibit some degree of statis-
tical regularity, and certain averaging procedures can be applied to establish gross
characteristics useful in engineering design.

In any statistical method, a large amount of data is necessary to establish reliabil-
ity. For example, to establish the statistics of the pressure fluctuation due to air turbu-
lence over a certain air route, an airplane may collect hundreds of records of the type
shown in Fig. 13.1.2. ' :

: Each tecord is called a sample, and the total collection of samples is called the
ensemble, We can compute the ensemble average of the instantaneous pressures in
each sample at time ¢,. We can also multiply the instantaneous pressures in each sam-
ple at times ¢, and ¢, + 7, and average thesc results for the ensemble. If such averages
do not differ as we choose different values of #;, then the random process described by
this ensemble is said to be stationary.

If the ensemble averages are replaced next by time averages, and if the results
computed from each sample are the same as those of any other sample and equal to
the ensemble average, then the random process is said to be ergodic.

395
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x(#)

HGURE 13.1.1. A record of random time [unctions.

f :
FIGURE 13.1.2. An ensemble of random time functions.

Thus, for a stationary ergodic random phenomenon, its statistical properties are
available from a single time function of a sufficiently long time period. Although such
random phenomena may exist only theoretically, its assumption greatly simplifies the
task of dealing with random variables. This chapter treats only this class of stationary
ergodic random functions.

13.2 TIME AVERAGING AND EXPECTED VALUE

Expected value. In random vibrations, we repeatedly encounter the concept of
time averaging over a long period of time. The most common notation for this opera-
tion is defined by the following equation in which x(¢) is the variable.

T

x) = (x()) = tim Jf L x(e) dt (13-2-1) :

This number is also equal to the expected value of x(¢), which is written as
- i : T

E[x(s)] = lim 1 J' x(t) dt | ' (13.2..2).
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It is the average or mean value of a quantity sarnpled over a long tlme In the case of
discrete variables x , the expected value is given by the equation

E[x] = lim = Ex | (13.2.3)

n—x

Mean square value. These average operations can be applied to any var_i_ablc
such as xz(t) or x(f) - y(£). The mean square value, designated by the notation x? or

Elx*(£)],1s found by integrating x*(t) over a time interval T and takmg its average value
according to the equation

T
— 1
Ex()] = 2 = tim & j 2d  (324)
Tow T 0 .

Variance and standard deviation. It is often desirable to consider the time
series in terms of the mean and its fluctuation from the mean. A property of impor-
tance describing the fiuctuation is the variance 2, which is the mean square value
about the mean, given by the equation

2

T
o = lim :} L x — X)) de ' ' (13.2.9)
By expanding the above equation, it is easily seen that

ot = x? — (x)? (13.2.6)

so that the variance is equal to the mean squarc value minus the square of the mean.
The positive square root of the variance is the standard deviation, o.

Fourier series. Generally, random time functions contain oscillations of many
frequencies, which approach a continuous spectrum. Altheugh random time functions
are generally not periodic, their representations by Fourier series, in which the periods
are extended to a large value approaching infinity, offers a logical approach.

In Chapter 1, the exponential form of the Fourier scries was shown to be

x(1) = EL et = ¢ + E {c,e " + + cxe M) (13.2.7)
n=1
This series, which is a real function, involves a summation over ncgative and positive
frequencies, and it also contains a constant term ¢ . The constant term ¢, is the average
value of x(f) and because it can be dealt with Separately, we exclude it in future consid-
erations. Moreover, actual measurements are made in terms of positive frequenmes
and it would be more desirable to work with the equation

x(t) = Re 3, Ce™ (13.2.8)
n=1 .
The one-sided summation. in the previous' equation is complex and, hence, the
real part of the series must be stipulated for x(t) real. Because the real part of a vector
is one-half the sum of the vector and its conjugate [see Eq. (1.1.9)],
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x{1) = Re D, Ce™ =
=1

b2 =

E (Cﬂeir.iwlr + C::‘.e —inwvr)
n=1
By comparison with Eq. (1.2.6), we find

C

Hn

2¢, =

M

i

~|bo

172
x{t)e it gy
J -1 0 ' (13.2.9)

a, — ib,

EXAMPLE 13.2.1

Determine the mean square value of a record of random vibration x(f) containing many discrete
frequencies.

Solution Because the record is periodic, we can represent it by the real part of the Fourier
series:

Re 2 Cneinmur

=]

x{1)

i (Cﬂeiﬂwnl%— C:e—fnwu!)
n=l

where C_is a complex number, and CZ is its complex conjugate. [See Eq. (13.2.9).] Its mean
square value is

. T, . _
x? - lim l lf 1 2 (C”emmur + c:e—zm.,r)z a2t
T 0 4 n=1

T

] A | C’?er‘!nwnx C:Ik?.e—ilmut.! T
= b 211( i2nw,T TG+ —i2na,T )0
-3ica-3el-3a

r=] 2 n=1 2 n=1

In this equation, e*2" for any ¢, is bounded between =1, and due to 7 -3 = in the denomina-
tor, the first and last terms become zere. The middle term. however, is independent of T, Thus,
the mean square value of the periodic function is simply the sum of the mean square value of
each harmonic component present.

]
43.3 FREQUENCY RESPONSE FUNCTION

In any linear system, there is a direct linear relationship between the inpyf and the out-
put. This relationship, which also holds for random functions, is represented by the
block diagram of Fig, 13.3.1. ,

In the time domain, the system behavior ¢an be determined in terms of the sys-
tem impulse response h(f) used in the convolution integral of Eq. (4.2.1).

¥t) = L x(&n(e - g) ¢ ) ‘ (1373.1)I__'
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FIGURE 13.3.1. Input-output relationship
of a linear system.

A much simpler relationship is available for the frequency domain in terms of the fre-
quency response function H{w), which we can define as the ratio of the output to the
input under steady-state conditions, with the input equal to a harmenic time function
of unit amplitude. The transient solution is thus excluded in this consideration. In ran-
dom vibrations, the initial conditions and the phase have little meaning and are there-

fore ignored. We are mainly concerned with the average energy, which we can
associate with the mean square value. '

Applying this definition to a single-DOF system,
my + ¢y + ky = x(1) (13.3.2)

let the input be x(f) = e*". The steady-state output will then be y = H{w)e'', where

H(w) is a complex function. Substituting these into the differential equation and can-
celing ¢'“* from each side, we obtain

(~mw? + icw + K H(w) = 1
The {requency response function is then
.
k — ma’ + icw
1 1
k1= (w/w,)’ + 2w/ w,)

As mentioned in Chapter 3, we will absorb the factor 1/k in with the force, H{w) is then
a nondimensional function of w/ w, and the damping factor {.

The input—output relationship in terms of the frequency-response function can
be written as

H(w)

(13.3.3)

(i) = H(w)F e - (1334)

where Fye*! is a harmonic function.

For the mean square response, we follow the procedure of Example 13.2.1 and

write _
y = tF(He' + H¥e ) (13.3.5)
Thus, by squaring and substituting into Eq, (13.2.4), we find the mean square value of y is
— FZ 1 T . o
y2 = TU ;im ?J (Hlei'Zwr + IHH* + H*E—EZmI) dr
- o0 (13.3.6)
Fy
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In the preceding equation, the first and last terms become zero because of T — <
in the denominator, whereas the middle term is independent of 7. Equation (13.3.6)
indicates that the mean square value of the response is equal to the mean square exci-
tation multiplied by the square of the absolute values of the frequency response func-
tion. For excitations expressed in terrs of Fourier series with many frequencies, the
response is the sum of terms similar to Eq. (13.3.6).

EXAMPLE 13.3.1

A single-DOF system with natural frequency w, = Vk/m and damping ¢ = 0.20 is excited by

the force
F(f) = Fcoslat + Feos af + Fcosimt
= Y Fcosmaut
m=1/2,1.3/2
Determine the mcan square response and compare the output spectrum with that of the
input.

Solution 'The response of the system is simply the sum ol the response of the single-DOF sys-
tem to each of the harmonic components of the exciting foree.

x{() = E |H(mw)|F cos (muw,t -- $,,)

m=172.13/2
where
1/k 1.29.
Hiw)| = ——=—= = =
G )| V9716 + (0202 k
1/k 2.50
Ho)| = == = ==
| | V(o202 k
; 1/k 07
V25/16 + 9(0.20) k

24
¢y = tan 3" 0.0834r

é, = tan"'=e = 0.507

Substituting these values into x(r), we obtain the equation
1) = f [1.29 cos (0.5e;t ~ 0.0837)

+ 2.50 cos (w,t — 0.507)]
+ 0.72 cos (1.5w,1 + 0.1427)]
‘The mean square response is'then '

X = ‘2% [(1.29)? + (2.50)% + (0-72)'51
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FIGURE 13.3.2, Inputand output
spectra with discrete frequencies,

Figure 13.3.2 shows the input and output specira for the problem. The components of the
mean square input are the same for each frequency and equal to F2/2. The output spectrum is
medified by the system frequency-response function.

13.4 PROBABILITY DISTRIBUTION

By referring to the random time function of Fig. 13.4.1, what is the probability of its
instantaneous value being less than (more negative than) some specified value x,7 To .
answer this question, we draw a horizontal line at the specified value ¥, and sum the

" time intervals A¢, during which x{¢) is less than x,. This sum divided by the total time
then represents the fraction of the.total time that x(r} is less than x,, which is the prob
ability that x(z) will be found less than x,.

P(x,) = Prob [x(t) < x

(13.4.1)
= hm E At

e

If a large negative number is chosen for x,, none of the curve will extend negatwely
beyond x,, and, hence, P(x; — —x) = 0. As the horizontal line corresponding to x, is
moved up, more of x{¢) will extend negatively beyond x,, and the fraction of the total

x(H)]

At AL, Al g

FIGURE 13.4.1. Caleulation of cumulative prabability.
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o)

FIGURE 13.4.2. (a} Cumulative
probability, (b) Probability density.

time m which x(¢) extends below x, must increase, as shown in Fig. 13.4.2(a). As x — oo,
all x(f) wili lie in the region less than x = o, and, hence, the probability of x(f) being less
than x = w0 is certain, or P(x = o} = 1.0. Thus, the curve of Fig. 13.4.2(a), which is
cumulative toward positive x, must increase monotonically from 0 at x = — = to 1.0 at
x = + =, The curve is called the cumuiative probability distribution function P(x).

If next we wish to determine the probability of x(¢) lying between the values x,
and x, + Ax, all we need to do is subtract P(x,) from P(x, + Ax), which is also propor-
tional to the time occupied by x(f) in the zone x, to x; + Ax.

We now define the probability density function p(x) as

Plx + Ax) — P(x)  dP(x)
Ax o dx

and it is evident from Fig. 13.4.2(b) that p{x} is the slope of the cumulative probability
distribution #(x). From the preceding equation, we can also write

plx) = lim (13.4.2)

P(x,) = J‘ Ip()c) dx (13.4.3)

The area under the probability density curve of Fig, 13.4.2(b) between two values
of x represents the probability of the variable being in this interval. Because the proba-
blhty of x(7) being between x = *ccis certain,

Poo) = I p)dx =10 (13.4.4)

and the total area under the p(x) curve must be unity. Figure 13.4.3 again illustrates the
probability density p(x), which is the fraction of the time occupied by x(7) in the inter-
valx tox + dx. _
The mean and the mean square value, previously défined in terms of the time
average, are related to the probability density function in the following manner. The
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FIGURE 13.4.4. First and second
moments of p(x).

mean value x coincides with the centroid of the area under the probability density
curve p(x), as shown in Fig.13.4.4. Therefore, it can be determined by the first moment:

o

X = J. xp(x) dx (13.4.5)

Likewise, the mean square value is determined from the second moment

xt= J .xzp(x) dx . (13.4.6)

which is analogous to the moment of inertia of the area under the probability density
curve about x = 0. ,

The variance o?, previously defined as the mean square value about the mean, is

ol = ,E,.(x — x)?p(x) dx

.= J:wxzp(x)dx - Ej_mxp(x) dx + (J—c_)2 J‘ plx) dx (13.4.7)
= x2 26 + G2
=" - (7)?
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- The standard deviation o is the positive square root of the variance. When the mean

value is zero, @ = V x?, and the standard deviation is equal to the root-mean-square
{rms) vaiue. : '

Gaussian and Rayleigh distributions. Certain distributions that occur fre-
quently in nature are the Gaussian (or normal) distribution and the Rayleigh distribu-
tion, both of which can be expressed mathematically. The Gaussian distribution 15 a

bell-shaped curve, symmetric about the mean value (which will be assumed to be zero)
with the following equation:

1
N2
The standard deviation o is a measure of the spread about the mean value; the smaller
the value of o, the narrower the p(x) curve (remember that the total area = 1.0), as
shown in Fig. 13.4.5(a). _

In Fig. 13.4.5(b), the Gaussian distribution is plotted nondimensionally in terms

of x/a. The probability of x(¢) being between *Ag, where A is any positive number, is
found from the equation

plx) = e #2 (13.4.8)

1 - Aok

Prob [~Ac = x(1) = Ad] = e 129 dx (13.4.9)

oNV2T e

The following table presents numerical values associated with A = 1,2,and 3.

A Prob[-ie = x(1) = Ad] Proh[|x|. > Aol
1 68.3% 31.7%
2 95.4% 4.6%
3 99.7% 0.3%

alx

_ (a) (b)
FIGURE 13.4.5. Normal distribution.
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The probability of x(¢) lying outside *Acis the probabl}lty of |xl exceeding A, which is
1.0 minus the preceding values, or the equatlon

Prob [|x| > Ag] =

R A
— | e * % gy = (—-) 13.4.10
oVlin J’J.(r Prfc \/5 . ( )

Random variables restricted to positive values, such as thé absolute value A of

the amplitude, often tend to folow the Rayleigh distribution, which is defined by the
equation

A -
plA) = =e*P7 A>0 (13.4.11)

The probability density p(A) is zero here for A < ¢ and has the shape shown in Fig, 13.4.6.

The mean and mean square values for the Rayleigh distribution can be found
from the first and second moments to be

LT A e [T
A=J Ap(AYdA = | —Se 40 dA:\f_U
0 0 & 2
- . (13.4.12)
Al = J Ap(AYdA = | —e 7 dA = 3247
0 a T
The variance associated with the Rayleigh distribution is
o4 = A? - (A = (4 5 11-)02
' (13.4.13)
Also, the probability of A exceeding a specified value Acis
, -
Probla > Xo] = | e 4744 (13.4.14)
aw

plA}

Ruy}eiqh distribution

s
/-

\

O-'I
02 N
o
: \.:-_ A
-0 2 3 4

FIGURE 13.4.6. Rayleigh distribution.
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which has the following numerical values:

A P[A > Ad]
0. 100%
1’ 60.7%
2 13.5%
3 1.2%

Three important examples of time records frequently encountered in practice
are shown In Fig. 13.4.7, where thc mean value is arbitrarily chosen to be zero. The
cumulative probabitity distribution for the sine wave is easily shown to be

1
P(x) = 5+ T—Tsin"‘%

and its probability density, by differentiation, is
1
p(x) = B e lx

aV AT — x?
=0 x| > A

.
< A

For the wide-bhand record, the amplitude, phase, and frequency all vary randomly
and an analytical expression is not possible for its instantaneous value. Such functions
are encountered in radio noise, jet cngine pressure fluctuation, atmospheric turbu-
lence, and so on, and a most likely probability distribution for such records is the
Gaussian distribution, :

When a wide-band record is put through a narrow-band filter, or a resonance sys-
tem in which the filter bandwidth is small compared to its central frequency f, we
obtain the third type of wave, which is essentially a constant-frequency oscillation with

Sine wave " Wide-band record Narrow-band record
AWANAWAYY |ﬁlq'-di1&ﬂm \ [}
Plx} Pl
l: Lo b 1.0

-4 (4] A O
pix) pla o{x)
— 5 y 5 x = x

FIGURE 13.4.7. Probability functions for three types of rec_drds.



Section 13.% Correlation 407

slowly varying amplitude and phase. The probability distribution for its instantancous
values 15 the same as that for the wide-band random function. However, the absolute
values of its peaks, corresponding to the envelope, will have a Raylcigh distribution.

Another quantity of great interest is the distribution of the peak values. Rice!
shows that the distribution of the peak values depends on'a quantity N, /2M, where N
is the number of zero crossings, and 2M is the number of positive and negative peaks.
For a sine wave or a narrow band, N 1s equal to 2M, so that the ratio N,/2M = 1.Fora
wide-band random record, the number of peaks will greatly cxceced the number of zero
crossings, so that N, /2M tends to approach zero. When N, /2M = 0, the probability
density distribution of peak values turns out to be Gaussian, whereas when
N,/2M = 1,as in the narrow-band case, the probability density distribution of the peak
values tends to a Rayleigh distribution.

13.5 CORRELATION

Correlation is a measure of the similarity between two quantities. As it applics to
vibration wavcforms, correlation is a time-domain analysis useful for detecting hidden
periodic signals buried in measurement noise, propagaltion time through the structure,
and for determining other information related to the structure’s spectral characteris-
tics, which are better discussed under Fourier transforms.

Suppose we have two records, x,(7) and x,(¢), as shown in Fig. 13.5.1. The correla-
tior. between them is computed by multiplying the ordinates of the iwo records at each
time ¢ and determining the average value {(x,(£)x,(¢)) by dividing the sum of the prod-
ucts by the number of products. It is evident that the correlation so found will be
largest when the two records are similar or identical. For dissimilar records, somc of
the products will be positive and others will be negative, so their sum will be smaller.

Next, consider the case in which x,(¢} is identical to x,{f} but shifted to the left by
a time 7, as shown in Fig. 13.5.2. Then, at time (), when x, is x{z), the value of x, is
x(t + 7), and the correlation is given by {(x(r)x(z + 7)). Here, if 7 = 0, we have complete
correlation. As rincreases, the correlation decreases, '

(1)
B N

e f

xa(1) .

FIGURE 13.5.1. Correlation between x, (1) and x,(7).

'3ee Ref. [B.
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(

FIGURE 13.5.2. Function x(f) shifted by 7.

1t is evident that this result can be computed from a single record by multiplying
the ordinates at time ¢ and ¢ + 7 and determining the average. We then call this result

the autocorrelation and designate it by R(7). Tt is also the expected value of the product
x(f)x(r + qr)__ ar

" R(7) = E|lx()x(z + 7] = (x(0)x(r + 7))
17 (13.5.1)
= PE}_ —j x(x( + ) dr

-T2

When 7 = 0, this definition reduces to the mean square value:
ROY=x"=0* . (1352)

Because the second record of Fig. 13.5.2 can be considered to be delayed with respect to .
the first record, or the first record advanced with respect to the second record, it is evi-
dent that R(7) = R( 1) is symmetric about the origin + = 0 and is always less than R(0).

Highly random functions, such as the wide-band noise shown in Fig. 13.5.3, so0n
lose their similarity within a short time shift. Its autocorrelation, therefore is a sharp
spike at 7= 0 that drops off rapidly with = 7 as shown. It implies that wide-band ran-
dom records have little or no correlation except near r = (.

For the special case of a periodic wave, the autocorrelation must be periodic of
the same period, because shifting the wave one period brings the wave into coinci-
dence again. Figure 13.5.4 shows a sine wave and its antocorrelation. _

For the narrow-band record shown in Fig. 13.5.5, the autocorrelation has some of
the characteristics found for the sipe wave in that it is again an even function with a
maximum at 7= 0 and frequency w, corresponding to the dominant or central fre-
quency. The difference appears in the fact that R(r) approaches zero for large 7 for the
narrow-band record. It is evident from this discussion that hidden periodicities in a
noisy random record can be detected by correlating the record with a sinusoid. There
will be almost no correlation between the sinusoid and the noise that will be sup-
pressed. By exploring with sinusoids of differing frequencies, the hidden periodic sig-
nal can be detected. Figure 13.5.6 shows a block diagram for the determination of the
autocorrelation. The signal x(¢) is delayed by 7 and multiplied, after which it is inte-
grated and averaged. The delay time 7is fixed during each run and is changed in steps
or is continuously changed by a slow sweeping technique. If the record is on magnetic
tape, the time delay 7 can be accomplished by passing the tape between two identical
pickup units, as shown in Fig. 13.5.7.
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Rir}
Wide-band noise x{#)

o e
FIGURE 13.5.3. Highly random function and its autocorrelation.

Type of record Autocorrelation

.
_ A
Sine wave  x(H) =4 sin {wyt + 6} Rir}=Scos wgr

1

. FHGURE 13.5.4.  Sine wave and its autocorrelation.

Rir) = ce™" cos wqyr

Narrow-band responseg

FIGURE 13.5.5. Autocorrelation for the narrow-band record.

x(#) Inte
— grator | R{7)
. Mutiptier [T | THEST Tor] T
averager
Time delayljyis + 5

T

FIGURE 13.5.6. Block diagram of the autocorrelation analyzer.
@ O
f— T

I A @&

FIGURE 13.5.7. Tume delay for
autocorrelation.
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FIGURE 13.5.8. 2

Creoss correlation. Consider two random quantities x(#) and y(¢). The correla-
tion between these two quantities is defined by the equation

R (7) = E[x()y(c + 7] = {x(e)y(t + 1))
7 (13.5.3)
= fim % J:mx(r)y(r + 7)dt

which can also be called the cross correlation between the quantities x and y.
Such quantitics often arisc in dynamical problems. For example, let x(f) be the
~ deflection at the end of a beam due to a load Fi(¢) at some specified point. y(¢) 15 the
deflection at the same point, due to a second load F,(t) at a different point than the first,
as illustrated in Fig. 13.5.8. The deflection due to both loads is then z{t) = x(#) + v(?),
and the autocorrelation of z(f) as a result of the two loads is

R (7) = (z(z(z + 7))
= {x(@) + y@Ollx(e + 7) + y(t + 7))
= (txlt + 7)) + x(Oy(e + 7)) | (13.5.4)
+ (Wo)x(r + o)) + (loyle + 7))
= R(7} + R (7} + R,(7) + R(7} -

Thus, the autocorrelation of a deflection at a given point due to separate loads F (1)
and F,(t) cannot be determined simply by adding the autocorrelations R (7) and Ry( T)

resulting from each load acting separately. ny('r) and R},x(fr) are here referred to as
cross correlation, and, in general, they are not equal.

EXAMPLE 13.5.1

Show that the autocorrelation of the rectangular gating function shown in Fig. 13.5.9 is a triangle.

A 42

FIGURE 13.5.9. Autocorselation of a rectangle is a triangle.



Section 13.6 Power Spectrum and Power Spectral Density 411

Solution If the rectangular pulse is shifted in either dircction by 7, its product with the origj-
nal pulse is A%(T — 7). It is easily seen then that starting with 7 = 0, the autocorrelation curve is a
straight line that forms a triangle with height A2 and base equal to 27

3.6 POWER SPECTRUM AND POWER SPECTRAL DENSITY

The frequency composition of a random function can be described in terms of the
spectral density of the mean square vajue. We found in Example 13.2.1 that the mean
square value of a periodic time function is the sum of the mean square value of the
individual harmonic component present.

o
= 236,
2

Thus x” is made up of discrete contrlbutlons in each frequency interval Af.

We first define the contribution to the mean square in the frequency interval Af
as the power spectrum G(f ).

6(f,) = ic,Cx | (136.1)
The mean square value is then |
¥ = 3 Gl - (13.62)

We now define the discrete power specrraf denuty S(f,) as ihe power spectrum
divided by the frequency interval Af.

G{f,) _ CCn _
S == n — n ] . '3
The mean square value can then be written as
2 = > S(fIAf (13.6.4)
n=1

The power spectrum and the power spectral density will hereafter be abbreviated as
PS and PSD, respectively.

An example of discrete PSD is shown in Fig, 13.6.1. When x(¢} contains a very large
number of frequency components, the lines of the discrete spectrum become closer

S(fn)
A 4 ok
N
P
|
Ay
0 A

FIGURE 13.6.1. Discrete spectrum.
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together and they more nearly resemble a continuous spectrum, as shown in Fig. 13.6.2.

We now define the PSD, S(f), for a continuous spectrum as the limiting case of S(f,) as
Af — 0.

lim, S(£,) = S(f) (1365)

The mean square valuc is then

Xt = J S(f) af (13.6.6)

To illustrate the meaning of PS and PSD, the following experiment is described.
A Xtal accelerometer is attached to a shaker, and its output is amplified, filtcred, and
read by a rms voltmeter, as shown by the block diagram of Fig. 13.6.3. The rms volt-
meter should have a long time constant, which corresponds to a long averaging time.

We excite the shaker by a wide-band random input that is constant over the fre-
quency range 0 to 2000 Hz. If the filter is bypassed, the rms voltmeter will read the rms
vibration in the entire frequency spectrum. By assuming an ideal filter that will pass
all vibrations of frequencies within the passband, the output of the filter represents a
narrow-band vibration. '

We consider a central frequency of 500 Hz and first set the upper and lower cut-
off frequencies at 580 and 420 Hz, respectively. The rms meter will now read only the
vibration within this 160-Hz band. Let us say that the reading is 8g. The mean square
value is then G(f,) = 64¢% and its spectral density is S(f,) = 64g%/160 = 0.40g%/Hz.

We next reduce the passband 1o 40 Hz by setting the upper and lower filter fre-
quencies to 520 and 480 He, respectively. The mean square value passed by the filter is
now one-quarter of the previous value, or 16g2, and the rms meter reads 4g.

5tH

Sifyof

o _,H.d_f

FIGURE 13.6.2. Continuous spectrum.

I ﬂ . P ] _
Xtal

— : RMS
Accel Amp! Filler . meter

FIGURE 13.6.3. Measurement of random data.
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By reducing the passband further to 10 Hz, between 505 Hz and 495 Hz, the rms
meter reading becomes 2g, as shown in the following tabulation:

Frequencics Band- RMS Meter Filtered Spectral
. width Reading Mean Square Density
, N : = Ny _ A
f af Vi) Gl=ad) s - S
580420 160 : 8g 6dg? - 0.40g°/Hz
520480 40 - dg 16g* 0.40g%'Hz
505-495 10 2z ag? 0.40g2/Hz

Nate that as the bandwidth is reduced, the mean square value passed by the filter, or
G(f,), is reduced proportionally. However, by dividing by the bandwidth, the density
of the mean square value, S(f, ), remains constant. The example clearly points out the
advantage of plotting S(f, ) instcad of G(J).

The PSD can also be expressed in terms of the deita function. As seen fram
Fig. 13.6.4, the area of a rectangular pulse of height 1/Af and width Afis always unity,
and in the limiting case, when Af — 0, it becomes a delta function. Thus, $( f) bccomes

o . G(f)
SN = fim, SUn) = fim, i

Typical spectral density functions for two common types of random records are
shown in Figs, 13.6.5 and 13.6.6. The first is a wide-barnd noise-type of record that has a

= G(f)&(f - 1)

Af
S il
I llmdf_,_o = d(f—fﬂ}
Af
| ¥
0 ' o f f

n

FIGURE 13.6.4. Lim,, "“i =8(f~ 1)

£

S{f)\-//_\
f

FIGURE 13.6.5. Wide-band record and its
spectral density.



414 Chapter 13 Randem Vibrations

sink

: : f-
FIGURE 13.6.6. Narrow-band record and its spectral
density.
fedf _ ] f + 47
x(1] Filier X}f | Sauarer 1y )
Af " loverager - SUFaf

Division |
by 47

SUF ) a———————]

FIGURE 13.6.7. Power spectral density analyzer.

broad spectral density function. The second is a narrow-band random record that is
typical of a response of a sharply resonant system to a wide-band input. Its spectral
demnsity function is concentrated around the frequency of the mstantaneous variation
within the envelope. .

The spectral density of a glven record can be measured electromcally by the cit-
cuit of Fig. 13.6.7. Here the spectral density is noted as the contribution of the mean
square value in the frequency interval Af which is divided by Af.

A
S(f) = .l,lflllu Af

The band-pass filter of passband B = Af passes x(7) in the frequency interval f to
J+ Af, and the output is squared, averaged, and divided by Af. '
For high resolution, Af should be made as narrow as possible; however, the pass-

band of the filter cannot be reduced indefinitely without losing the reliability of the.
measurement. Also, a long record is required for the true estimate of the mean square
value, but actual records are always of finite length. It is evident now that a parameter

of importance is the product of the record length and the bandwidth, 2 BT, which must
sufficiently large.2

(13.6.7)

2See 1.S. Bendat, and A. G. Piersol, Random Data (New York: John Wiley & Sons, 1971), p. 96.
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EXAMPLE 13.6.1
A randpm signal has a spectral density that is a constant
S(f) = 0.004 cm?/cps

between 20 and 1200 cps and that is zero outside this frequency range. Its mean value is 2.0 cm.
Determinc its rms value and its standard deviation.

Solution The mean square value is found from
1200

?:J S(F) df=f 0004 df = 472
0 2

]

and the rms value is
Tms = \Xx: =vV472 = 217 em
The variance o is defined by Eq. (13.2.6):
gt = xz — (%)
=472 -2 =072
and the standard deviation becomes
o= V072 = 085 cm

The problem is graphically displayed by Fig, 13.6.8, which shows the time variation of the signal
and its probability distribution.

x{ 3]

2.0

FIGURE 13.6.8.

EXAMPLE 13.6.2

' Determine the Fourier coefficients C, and the power spectral density of the periodic function
shown in Fig. 13.6.9.

| : fir) | |

A O ot O O
0 I
2T ‘-—T—P‘ :

FIGURE 13.6.9.
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Solution The periodis 2T and C, are

2 T2
C,= — Fdt=F,

T/t .
2 . sin(nw/2) ]
C,= — Fpemmvd df = F| —— =
"= 2T J o ¢ “[ na/2

Numerical values of C, are computed as in the folloﬁ'ing table and plotted in Fig. 13.6.10.

n i sin % iC,
0 0 0 B =10%
U1 () -oess
2 m 0
300¥ 1 (5)7 =03
4 im 0
0
s 7 1 (£)% = 012773
€
Fa

o
2T~

T{J.63G '
_ _ \
e ’/4 . \ Q.127

| " ot hee.. 2 Y |
L 0 1 2«J-~4 5 &
. - 0,212

FIGURE 13.6.10. Fourier coefficients versus n. -

The mean square value is determined from the equation

T

x* = im TJ_Tx (2) de

—

gy
™2

1 {1 2
. = iruwgt 0 ¥, —PHwmgf
= %_1_1'20 27 ,L- 3 [;(Cﬂe “' + Cle )] de

-y oXoy |
_:2:'] 5 .

[H]
and because x2 = J

S{w) dw, the spectral density function can be represented by a series of
delta functions:

w C C* .
) = 3, o )

l
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3.7 FOURIER TRANSFORMS

Thé discrete frequency spectrum of periodic functions becomes a continuous onc
when the period T is extended to infinity, Random vibrations are generally not peri-
odic and the determination of its continuous frequency spectrum requires the use of
the Fourier integral, which can be regarded as a limiting case of the Fourier series as
the period approaches infinity. '

The Fourier transform has become the underlying operation for the modern time
series analysis. In many of the modern instruments for spectral analysis, the calculation
performed is that of determining the amplitude and phase of a given record.

The Fourier integral is defined by the equation

x

x(1) = J X([)e " df (13.7.1)

In contrast to the summation of the discrete spectrum of sinusoids in the Fourier series,
the Fourier integral can be regarded as a summation of the continuous spectrum of

sinusoids. The quantity X(f) in the previous cquation is called the Fourier transform of
x(t), which can be evaluated from the equation

[ _ |
X(f) = J x{t)e I dy (13.7.2)
Like the Fourier coefficient C , X(f}is a complex quantity which is a continuous func-
tion of f from — to +, Equation (13.7.2) resolves the function x(i) into harmonic
components X{ f) whereas Eq. (13.7.1) synthesizes these harmonic components to the

original time function x{¢). The two previous equations above are referred to as the
Fourier transform pair.

Fourier transform (FT) of basic functions. To demonstrate the spectral charac-
ter of the FT, we consider the FT of some basic functions. : '

EXAMPLE 13.7.1
() = Ae2mh ()
From Eq.(13.7.1), we have
Aerht = I x(pe™™ a

Recognizing the properties of a delta function, this equation is satisfied if

Xx(f) = As(f - 1) (b}
Substituting into Eq. {13.7.2), we obtain

57— £) = J' R

—m
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X(f}

AS(F-1)

—-f f
o fs

FIGURE 13.7.1. FT of Ae?w.

The FT of Ix(r] is displayed in Fig. 13.7.1, which demonstrates its spectral character.

n
EXAMPLE 13.7.2
x{f) = a, cos 2unf.1) (a)
Because '
cos2af t = %(e’-z“f"’ + e_"z”f"*)
the result of Example 13.7.1 immediately gives
X(f) = F8(f — £3 + 8 + £)] ()

Figure 13.7 2 shows that X{ f) is a two-sided function of f.
X {f) real axis

9a 9n g -
2B+ 1,) 28U 1)

—f 1, 0 2 f
FIGURE 13.7.2. FTofa, cos 2mf L.

In a similar manner, the FT of b, sin 27/t is

Bt o ,
X(f) = i1 [8(f = £) = 8(f + £)]
which is shown on the imaginary plane of Fig. 13.7.3.

X(f)i—axis

by
3 5(r-1,)

FIGURE 13.7.3. Ftof b, sin 21

.
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FIGURE 13.7.4 TFTofa, cos2aft+ b, sin 27t 4

If we put the two FTs together in perpendicular plancs, as shown in Fig. 13.7.4, we obtain
the complex conjugate coefficients C, = a, — ib, and .} = @, + ib,. Thus, the product
CCr 1

=t = (gl + b)) =

4 4 "

is the square of the magnitude of the Fourier serics, which is generally plotted at = f.

EXAMPLE 13.7.3

We next delermine the FT of a rectangular pulse, which is an example of an aperiodic function.
(Sce Fig. 13.75) Its FTis

= T2 ]
X(f) = J‘ x(D)e~ 2w dr = J. A~ gy = AT( sin »n-fT)
~ -7 wfT
x{t) (f)
; /N\
P
‘ 2 ' ! T T 1
b
' ll | | |
| b=t xir )2
| | | 'I
| | | I I
| | | | |
f

FIGURE 13.7.5. Rectangular pulse and its spectra.

Note that the FT is now a continuous function instead of a discontinuous function. The product
XXx*, which is a real number, is also plotted here. Later it will be shown to be equal to the spec-
tral density function. :
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FTs of derivatives. When the FT is expressed in terms of w instead of £, a factor
1/2is introduced in the equation for x(r):

a2

() = 51; J X(w)e™ do | (137.3)

X(w) = J K)o d (13.7.4)

This form is sometimes preferred in developing mathematical relationships. For exam-
ple, if we differentiate Eq. (13.7.3) with respect to t, we obtain the FT pair:

(1) = %} f  lioX(a)e™ do

- L

iwX(w) = J H(e)e"  dr

-

Thus, the F'1' of a derivative is simply the FT of the function multiplied by iw:
FT[x{(1)] = iwFTx(s)] _ (13.7.5)
Differentiating again, we obtain
FT[x(5)] = —*FT[x{2)] _ (13.7.6)

These equations enable one to conveniently take the FT of differential equations. For
example, if we take the FT of the differential equation

my + ¢y + ky = x(1)
we obtain
(—mw® + iwe + k) Y{0) = X(w)
where X(«) and Y{w) are the FT of x(r) and Y(¢), respectively.
Parseval’s theorem. Parseval’s theorem is a usefu} tool for converting time inte-

gration into frequency integration. If X,(f) and X,(f) are Fourier transforms of real
time functions x,(¢) and x,(¢), respectively, Parseval’s theorem states that

| x@x@a= | xemama
= - (13.7.7)
- f X(PDXLP) af

This relationship may be proved using the Fourier transform as follows:

M%@H@ﬁ&@ﬁ%f

f _mx1(r)x2(t) dt. = j _:xz(r) J: X,(f)e " df di
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) f _le( f)[ f _:xz(z)efwf dt:l df

- [ xxtpa

All the previous formulas for the mean square value, autocorrelation, and cross corre-
lation can now be expressed in terms of the Fourier {ransform by Parseval’s theorem.

EXAMPLE 13.7.4

Express the mean square value in terms of the Fourier transform. Lettmg x, (1) = x,(t) = x(1),
~ and averaging over T, which is allowed to go to «, we obtain

T/l .
X! = }1_12e %J‘ x*(t) di = J_m ITI_IEE ‘;;X(f)X*(f} df

-TR

Comparing this with Eq. (13.6.6), we obtain the relationship

S(f.) = ]1m = X(F)xx( f) ' (137.8)

where 5{f, ) is the spectral density function over positive and negative frequencies.

EXAMPLE 13.7.5

Express the autocorrelation in terms of the Fourier transform. We begin with the Fourier trans-
form of x(r + 7

X(f + T) - J ’ X(f)eiwa(HT) df
Substituting this inte the expression for the autocorrelation, we obtain

R(7} = fim- lJ. x(t]x(t + 7)de

= lim
T

=J -}[ j (el dr:‘X(f)e””f’ df

J _: [ Jim %X*(fm f)]eﬂwrr of

By substituting from Eq. (13.7.8) the preceding equation becomes

’-]IH_

j ) J __X(f)erMener" dfdr

R(7) = I  S(f)eT df (1379)
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The inverse of the preceding equation is also available from the Fourier transform:

S(f) = j R(7)e~"*"/"dr (13.7.10)
Because R(7) is symmelric about 1 = 0, the last equation can also be written as
5() = 2[ R(1) cos 2z frdr | (13.7.11)
1

These are the Wiener-Khintchine equations, and they state that the spectral density function is
the FT of the autocorrelation function.
As a parallel to the Wiener-Khintchine equations, we can define the cross correlation
between two quantities x(f) and y{!) as
T

IR;,,(T] = (x{y(t + 7)) = lim %J‘ x{thy(r + 1) dt

-Ti2

= j lim %X*( Y(fle* i af (13.7.12)

R, = | S(nerar

- —

wherte the cross-spectral density is defined as

5,00 = fm FXIVY)  —esfsw

fim, = X(AY*(f) - (13713)

= S:;{f) = Sxy( _f]
Its inverse from the Fourier transform is _

5.(f) = j R, (e "7 dr (13.7.14)
which is parallel to Eq. (13.7.10). Unlike the autocorrelation, the cross-correlation and the cross-

spectral density functions are, in general, not even functions; hence, the limits — = to + < are
retained.

EXAMPLE 13.7.6
Using the relationship

=

S[f) = ?.f R(7) cos 2nfrdr

0
and the resuits of Example 13.5.1;

R(r) =AY T -1
find S( f) for the rectangular pulse.
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Solution Because R(7) = 0 for 7outside +T, we have

T
5(f) = 2J ANT — 1) cos2ufrdr

T T
=2A2TJ cosznder—zAzf 7 cos 2nfr dt
0 . 0

2810 27 f7 7 2[ cos 2afr |7
= — | - — +
2A°T 2l |, ) 3 fsm 27rf*r

247 o 2(sirnrfT)

= @nf)? (1 - cos 2mfT) = AT il
Thus, the power spectral density of a rectangular pulse using Eq. (13.7.11) is

sin #f T
st - 4’|
() - arr(2TY

Note from Example 13.7.3 that this is also equal to X{(f)X*(f) = | X(f)|2.

EXAMPLE 13.7.7

Show that the frequency response tunction H{w) is the Fourier transform of the impulse
response function A(f).

Solution From the convolution integral, Eq. {4.2.1), the response equation in terms of the
impulse response function is .

w0 = [ sonte- 9 ae

where the lower limit has been extended to — o 1o account for all past excitations. By lctting
7= {t — £),the last integral becomes

x(t) = L f(t — Dh(r) dr |

For a harmonic excitation f(r) = e, the preceding equation becomes

x(r)=J e =Ip(r) dr
0

= e"“"J. R(e " dr
b

Becausc the steady-state output for the input y(f) = e lsx = Hi (w)e‘”' the frequency-response
function is

w

H(o) = |

il

h(r)e ™ dr = J’ R{v)e ™ dr

which is the FT of the impuise response function A(f). The lower limit in the preceding integral
has been changed from 0 to — o because h(t) = 0 for negative &,
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13.8 FTS AND RESPONSE

In engineering design, we often need to know the relationship between different points
in the system. For example, how much of the roughness of a typical road is transmitted
through the suspension system to the body of an automobile? (Here the term transfer
function? is often used for the frequency-response fuhction.) Furthermore, it is often
not possible to introduce a harmonic excitation to the input point of the system. It may
be necessary to accept measurements x(f) and y(¢) at two different points in the system
for which the frequency response function is desired. The frequency response function

for these points can be obtained by taking the FT of the input and output. The quantity
H{w) is then available from '

Y(w)  FTof output
X{w) FT of input
where X{w) and Y{(w) are the I T of x(r) and y(¢).

H(w) =

(13.8.1)

If we multiply and dwlde this equation by the complex conjugate X*(w), the
result is

Y{w) X*{(w)
X{w)X*(w)

The denominator X{w)X*(w) is now a real quantity. The numerator is the cross spec-
trum Y(w)X*(w) between the input and the output and is a complex quantity. The

phase of H{w) is then found from the real and 1magmary parts of the cross spectrum,
which is simply

Hiw) = (13.8.2)

[Y(w)} /by |1 XH)] /b, = |V{w)X*{w)| ;‘fﬁy — &

Another useful relationship can be found by multiplying H{w) by its conjugate
H*{w). The result is

H({w)H*(w) = %}%
Y(0)Y*(w) = |H{o)2X(w)X*(w) (1384)

Thus, the output power spectrum is equal to the square of the system transfer function
multiplied by the input power spectrum. Obviously, each side of the previous equation
is real and the phase does not enter in. '

We wish now to examine the mean square value of the response From Eq. (13.7.8),
the mean square value of the input x{¢) is

o= [ s umrxxena

3Strictly speaking, the transfer function is the ratio of the Laplace transform of the output to the .

Y aplace transform of the input. In the frequency domain, however, the real part of s = o + iwis zero, and the
LT becomes the FT.
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The mean square value of the output y(f) is

e J S,(f+)df = J ;i_%%Y(f)Y*(f)df
Substituting YY* = \H(f)l X X* we obtain

J B [ fim, %X(f)X*(f)] df
= f_miH(f)|25x(f=) df

which is the mean squaie value of the response in terms of the system response func-
tion and the spectral density of the input.

In thesc expressions, S{f, ) are the two-sided spectral density functions over both
the positive and negative frequencies. Also, S(f, ) are even functions. In actual practice,

it is desirable to work with spectral densities over oniy the positive frequencies.
Equation {13.8.5) can then be written as

(13.8.5)

v = L B ) af (1386)

and because the two expressions must result in the same value for the mean square
‘value, the relationship between the two must be '

S(£.) = 8(f) = 25(1.) (13.87)

Some authors also use the expression

S J |H ()8 () dov © (1388)
0
Again, the equations must result in the same mean square value so that .
278(w) = S(f) {13.8.9)
For a single-DOF system, we have '
1/k
H(f) = - 13.8.10
U= TG e (13810)

If the system is lightly damped, the response function H(f) is peaked steeply at reso-
nance, and the system acts like a narrow-band filter. If the spectral density of excitation

is broad, as in Fig. 13.8.1, the mean square response for the single-DOF system can be
approximated by the equation

7 ‘);—S(fﬂ) C(13811)
where |
o Jm d(f/f,)
4 Jo - (R + 24/

and S,(f,) is the spectral density of the excitation at frequency f,.
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[}
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: f
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FIGURE 13.8.1. S(f) and H(f)
leading to y* of Equation 13.7.9.

EXAMPLE 13.8.1

‘The response of any structure o a single-point random excitation can be computed by a simple
numerical procedure, provided the spectral density of the excitation and the frequency response
curve of the structure are known. For example, consider the structure of Fig. 13.8.2(a), whosc
base is subjecied to a random acceleration input with the power spectral density function shown
in Fig. 13.8.2(b). It is desired to compute the response of the point p and establish the probability
of exceeding any specificd aceeleration.

The frequency response function H(f) for the point p can be obtained cxperimentally by
applying to the base a variable frequency sinusoidal shaker with a constant acceleration input a,),
and measuring the acceleration response at p. Dividing the measured acceleration by ay, H(f)
may appear as in Fig. 13.8.2(c).

The mean square response a at p is caleulated numerically from the equation

a, = ZS(f)lH(ff)l Af,

Table 13.8.1 illustrates the computational procedure.
The probability of exceeding specified accelerations are

pllal > 26.6g) = 31.7%
Plage > 26.6g] = 60.7%

- | S (b)

! g
] N Sif}
th
I 0 3 !
- - ) i
. HUf) : (c)
o |- !
737 ’ 3 |
0 Lw)
(a} ) 0 d

FIGURE 13.8.2,
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Table 13.8.1 NUMERICAL EXAMPLE

- f Af SCf) | HH(F)| | H(L)Faf SN H(f) *AF
(cpsy  {cps) {g%/cps) (Nondimensional) {cps) : {£® units)
0 10 0 1.0 10. 0
10 10 0 1.0 10. 0
20 10 0.2 11 - 12.1 24
30 10 0.6 14 19.6 11.8
40) 10 12 2.0 40, 48.0
50 10 1.8 13 16.9 305
60 10 1.8 : 13 16.5 305
70 -10 11 2.0 40. 440
B0 10 0.9 7 137. 123.
S0 10 1.1 54 291. 320.
100 10 1.2 22 484 377
110 10 1.1 13 169 18.6
120 10 1.8 08 .4 31
130 10 0.6 0.6 3.6 22
140 10 0.3 0.5 2.5 0.8
150 10 0.2 0.6 SNV 0.7
160 10 0.2 07 49 (.1
170 G 0.1 13 16.9 1.7
180 10 0.1 1.1 12.1 1.2
190 10 05 0.7 49 23
200 10 a 0.5 25 : 4}
210 14 U 0.4 1.6 I}
a? = 700.6¢2
o= V700.6g% = 26.6g
plla| > 79.8¢] = 0.3%
p[apeak > 798¢ = 1.2%
|
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Give examples of random data and indicate classifications for each example,
Discuss the differences between nonstationary, stationary, and ergodic data.

Discuss what we mean by the expected valuc. What is the expected number of heads
when eight coins are thrown 100 times; 1000 (imes? What is the probability for tails?
Throw a coin 50 times, recarding 1 for head and O for tail. Determine the probability of
obtaining heads by dividing the cumulative heads by the number of throws and plot Lhis
number as a function of the number of throws. The curve should approach 0.5.

Far the series of triangular waves shown in Fig, P13.5, determine the mean and the mean
square values.

FIGURE P13.5.

A sine wave wilh a steady component has the equation
'  x=A,+ A sinet
Determine the expected valugs E(x) and F(x?).

Determine the mean and mecan squarc values for the rectified sine wave.

Discuss why the probability distribution of the peak valucs of a random function should '
follow the Rayleigh distribution or one similar in shape to it.

Show that for the Gaussian probability distribution p(x), the central moments are given by
E(x") = J x"plx) dx

_ {O for n odd
1-3:5-+{n ~ 1}¢" formcven

Derive the equations for the curnulative probability and the probability density functions
of the sine wave. Plot these results.

‘What would the cumulative probability and the probability density curves look like for
the rectangular wave shown in Fig. P13.117

k1 ARG

FIGURE P13.11, b bed L
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13.12 Determine the autocorrelation of a cosine wave x(f} = A cos¢, and plot it against 7.
13.13 Determine the autocorrelation of the rectangular wave shown in Fig. P13.13.

i 4

—‘ A

FIGURE P13.13.

13.14 Delermine the autocorrelation of the rectangular pulse and plot it against =

13.15 Determine the autocorrelation of the binary sequence shown in Fig. P13.15. Suggestion:
Trace the wave on transparent graph paper and shift it through 7.

[ | [ ]

| [ . L
01234586 78910112 t FIGURE P13.15.

13.16 Determine the autocorrelation of the triangular wave shown in Fig. P13.16.

; .
\/ ' FIGURE P13.16.

13.17 Figure P13.17 shows the acceleration spectral density plot of a random vibration,
- Approximate the grea by a rectangle and determine the rms value in m/s2.

gz.“Hz
020—-1
I
i
1
o 50 550 Hz  FGURE P13.17.

13.18 Determine the rms value of the spectral density plot shown in Fig. P13.18.

gz/Hz _
2p——————

100 1000 2000 . FIGURE P13.18.
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13,19 The power spectral density plot of a random vibration is shown in Fig. P13.19. The slopes
represent a 6-dB/octave. Replot the result on a linear scale and estimate the rms value.

0.25

1000 2000 H:

0.0

FIGURE P13.19.

13.20 Detlermine the spectral density function for Lhe waves in Fig, P13.20.

(c) {d)
FIGURE P13.20.

13.21 A random signal is found to have a constant spectral density of S(F) = 0.002 in.*/cps
between 20 and 2000 cps. Outside this range, the spectral density is zero, Determine the
standard deviation and the rms value if the mean value is 1.732 in. Plot this result.

13.22 Derive the equation for the coefficients C, of the periodic function
fB) =Re 3 Gt
az0 .
13.23 Show that for Prob.13.22,C_, = C*, and that ) can be written as

)= 3 e

n=-—m
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1
-1
' * FIGURE P13.24.

13.24 Determine the Fourier serics for the sawtooth wave shown in Fig. P13.24 and plot its
spectral density.

0o n 25 !

FIGURE P13.25.

13.25 Determine the complex form of the Fourier series for the wave shown in Fig. P13.25 and
plot its spectral density.

13.26 Dectermine the complex form of the Fourier series for the rectangular wave shown in
Fig. P13.13 and plot its spectral density.

13.27 'T'he sharpness of the frequency-response curve near resonance is often expressed in
terms of @ = %g, Points on ¢ither side of resonance where the response falls to a value
1/V'2 ate calied half-power points. Determine the respective frequencies of the half-
power points in terms of o, and ).

13.28 Show that

L 0+ Gy 4 et

13.29 The differential cquation of a system with structural damping is given as
mx + k(1 + iy)x = F(2)
Determine the frequency-response function.

13.30 A single-DOF system with natural frequency «_ and damping factor { = 0.10 is excited
by the force '

F(i) = Fcos (0.5w,2 — 6,) + Foos (wg — 8%} + Feos Qg — 6,) ‘
Show that the mean square response is
)‘2

y2 = (174 + 250 + 0.110)%(

F 2
=1- —
343(k)

=1

13,31 In Example 13.7.3, what is the probability of the instantaneous acceleration exceeding a
value 53.2¢7 Of the peak value exceeding this value?

13.32 A large hydraulic press stamping out metal parts is operating under a series of forces
approximated by Fig. P13.32. The mass of the press on its foundation is 40 kg and its



432 Chapter 13  Random Vibrations

13.33

13.34

1335

B

|«—7—

FIGURE P13.32. =45

natural frequency is 2.20 Hz. Determine the Fourlcr spectrum of the excitation and the
mean square value of the response.

For a single-DOF system, the substitution of Eq. {13.8.10) into Eq. (13.8.6) results in

df
J Af sz [ (A + [2e(si))?

where S (f,) is the spectral density of the excitation force. When the damping { is small
and the variation of § (f, ) is gradual, the last equation becomes

= () J d(f/f,).
0= (YT =+ e

_S{fn)kzz.

which is Eq. (13.8.11). Derive a similar equation for the mean square value of the relative
motion z of a single-DOF system excited by the base motion, in {erms of the spectral den-
sity §(f,) of the base acceleration. (See Sec. 3.5.) If the spectral density of the base accel-

eratlon is constant over a given frequency range, what must be the expression for z PR
Referring to Sec. 3.5, we can write the equation for the absolute acceleration of the mass
undergoing base excitation as

. k + iwc

X=——>5——"
kK — ma? + iwc

Determine the equation for the mean square acceleration x2. Establish a numerical inte-
gration technique for the computer evaluation of x?,

A radar dish with a mass of 60 kg is subject to wind loads with the spectral density shown
in Fig. P13.35. The dish-support system has a natural frequency of 4 Hz. Determine the

_ N

100 x103

0 25 . Hz
FIGURE P13,35.
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13.37

13.38

13.39
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mean square response and the probability of the dish exceeding a vibration amplitude of
0.132 m1. Assume { = 0.05.

A jet engine with a mass of 272 kg is tested on a stand, which resulis in a natural fre-
quency of 26 Hz. The spectral density of the jet force under test is shown in Fig. P13.36.

Determine the probability of the vibration amplitude in the axial direction of the jet
thrust exceeding 6.012 m. Assume ¢ = 0.10.

NZ
S(f)—,_E
4xloe.f\
| l 1
0 '. i I
1 Ic 15 100 Hz

FIGURE P13.35,

An SDF system with viscous damping { = 0.03 is excited by white-noise excitation F{f)

having a constant power spectral density of 5 % 10° N?/Hz. The system has a natural fre-
querncy of «, = 30 rad/s and a mass of 1500 kg. D¢termine o. Assuming Rayleigh distri-

bution for peaks, determine the probability that the maximum peak response will
exceed 0.037 m.

Starting with the relationship

0= | st~ ong ae

1]
and using the FT technique, show that
X(iw) = Fliw)H(iw)

and '

X = j SF(w)lH(inz dw

o .

where

5:(w) _= lim ﬁ,F‘(iw)F*(im)

Toa 2qr
Starting with the relationship )
Hliw) = [H(iw)|e™
show that '

H(lw) — eiiqh{m)
H*(iw)
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13.40 Find the frequency spectrum of the rectangular pulse shown in Fig, P13.44¢.

£l

r~|—

_LAL
5032

FIGURE P13.40.

13.41 Show that the unil step function has no Fourier transform. Hine: Examine

[ 1ot

13.42 Starting with the equations

Sex(w) = Jim 'Z%F*(ilu)x(m)

1
= lim —— F(FH) = 5,H -
:lrl-lf!ozwr (FH) 2

and

Sxrlo) = lim === X*F

27T
= lim L'(F*H*}F = SpH*
To= 2T j .
show that

: : Sm'(w) = gi2elu)
SXF(’-G)
and

SF(“’) - pr(w)
Sx.r(w) S;.-(w)

13.43 The differential equation for the longitudinal motion of a uniform slender rod is

= Hliw)

—_— =t —

Show that for an arbitrary axial force at the end x = 0, with the other end x = { free, the
Laplace transform of the response is
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_ C}&(S) e—.rf_Uc)

E(I,.ﬁ') = SAE(]_ _ e—lfwc))

[E (eiclx— i') —(r,rc ﬂ]

13.44 If the force in Prob. 13.43 is harmonic and equal to F(f) = Fei«!, show that

eFpe™t cos [(wifc)(x/t — 1)}
wAE sin {wl/c)

ulxt) =

and

_ —sin [(w!/c (x/! - l)] FCI :«u!
olxt) = sin (wl/c) af

where ois the stress.

13.45 With S{w) as the spectral density of the cxcitation siress at x = 0, show that the mean
square stress in Prob. 13.43 is

-z 2w x
gt = — }‘ ) sinlnm=
Y !
where structural damping is assumed, The normal modes of the problem are

o) = V2 COS!‘I‘T(! - 1]

ommlf) e o

13.46 Determine the FT of x(r— () and show that it is equal to e *"fX(f}, where
- X(f) = FT[x()].
13.47 Prove that the FT of a conveolution is the product of the separate FT.

FTx()*y(1)] = X(£)¥(f)

13.48 Using the derivative theorem, show that the FT of the derivative of a rectangular pulse is
asine wave.

13.49 For some random variables the integral in Eq. (13.4.4) does not converge. Consider a
function given by

plx) =

b+x

For which values of  and b is this a probability density function? The resulting probabil-
ity distribution is called the Cauchy distribution. Does it have finite variance?

13.50 The exponential distribution is given by P(x} = 1 — exp(—Ax). Derive its probability
density function, mean and the variance. This distribution often occurs in practice as a
description of the time elapsing between unpredictable events,

13.51 The ski-lift system of Problem 5.65 is forced by wind on the mass. The force has white-

noise characteristics, and o = 0.5. Determine the probability that the maximum peak
response will exceed 10°,



